By analyzing the energy-weighted moments of the strength function calculated in RPA and beyond it is shown that the explanation of the effect of missing strength of Gamow-Teller transitions requires that residual interaction produce high-excited 1 + particle-hole collective states. The example of this interaction is presented. The manifestations of spin-isospin nuclear response in nuclear muon capture are discussed.
Introduction
To discuss the problem of missing strength of Gamow-Teller (GT) transitions, one needs to study the distribution of transition strength over the excitation energy. A convenient tool for that purpose is the strength function of GT transitions
where E α is the energy of the |α state reckoned from the ground state of a target nucleus, |g.s . Usually, it is assumed that the effect of missing strength can be explained (reproduced) by including 2p-2h admixtures into the wave functions of nuclear states involved. In order to check this assumption, we consider the energy-weighted moments of the GT strength function S
for positive integer k. In the first section, we calculate the moments in the random phase approximation, the second random phase approximation and within the fragmentation problem. In the second section, we argue that the explanation of missing strength requires that the particle-hole residual interaction has a specific feature, it should intensively mix the ∆N = 0 and ∆N ≥ 2 particle-hole configurations. The example of such an interaction is presented and the strength function of σt − transitions in 90 Zr is demonstrated. In the third section, the calculations of total muon capture rates by complex nuclei are discussed. The fourth section contains the analysis of spin-isospin transitions in A = 28 nuclei observed in muon capture, and in (e, e ′ ) and (p, n) reactions. The main results are collected in Conclusion.
Energy-weighted moments of strength function
In this section we give in a compact form a summary of the basic equations for energyweighted moments calculated in the random phase approximation (RPA), the second random phase approximation (SRPA) and within the fragmentation problem.
Random Phase Approximation
The formulae are presented for double-magic nuclei; the extension to the open shell nuclei is straightforward -one should replace the creation operators of particle-hole states by two-quasiparticle ones and the Hartree-Fock ground state by the state of quasiparticle vacuum. We use the labels h, h ′ for the occupied single-particle states and the labels p, p ′ for vacant ones. The Φ 0 is a Slater determinant consisting of occupied states only. For a magic number system Φ 0 is the nondegenerated ground states in the model of independent particles. The phonon creation and destruction operators are defined by
The phonon amplitudes ψ α p,h and φ α p,h are determined by the homogeneous system of linear equations:
For any one-body transition operator R the matrix elements between the ground |0 and excited |α states, calculated in the RPA, are defined by
The normalization condition for a one-phonon state with positive energy E α can be obtained from this equation
The spectral properties of the eigenvalue problem (5) allow one to write down
for any integer k. The square matrices1 and0 are unit and zero ones. The energyweighted moments for the transition strength of any one-body transition operator R are obtained from (9) α: Eα>0
The components of the vectors ( R ) and ( R + ) are the matrix elements Φ 0 |a † h a p R|Φ 0 and Φ 0 |a † h a p R † |Φ 0 , respectively.
Second Random Phase Approximation
Within the Second Random Phase Approximation (SRPA) [4] , the definition of the phonon operators (3) is extended by including the creation and destruction operators of the twoparticle-two-hole excitations
Phonon amplitudes are determined by (4) after replacing the RPA phonons by the SRPA ones [4] . From (4) one obtains
The algebraic structure of the equations remains the same as in the RPA. This is true regarding the formal definition of the matrix elements of the transition operator R,
The distinction is the appearance of SRPA phonons instead of RPA phonons. The only nonvanishing matrix elements of any one-body transition operator are those between Φ 0 and the 1p-1h excited states. As a consequence, the zero energy-weighted moment reduces to
(the length of the vector (R) minus the length of (R + )). This difference is the same in both the approximations, because it is determined by the space of particle-hole excitations only. For the Gamow-Teller transitions (R µ = σ µ t − and R † µ = (−1) µ σ −µ t + ) the zero energyweighted moment reduces to 3(N − Z) which is the value of the Ikeda sum rule.
The first energy-weighted moment calculated in the SRPA is
It coincides with the one obtained in the RPA.
Fragmentation problem
A similar situation appears within the fragmentation problem [5, 6] , where the ground state |0 is assumed to be presented by some model wave function, and one studies the influence of the enlarging of the space excited states on the distribution of transition strength. The wave function of the excited state can be decomposed into some basis
In this expression the set of basis vectors has been divided into two parts, according to the values of the matrix elements of the transition operator R
For example, if one used the Hartree-Fock ground state and the space of excited states spanned by the 1p-1h and 2p-2h basis vectors, the particle-hole components would belong to the first set and the two-particle-two-hole vectors would be ones of the second group for every one-body transition operator. It was proved in [7] that in this problem the zero and first energy-weighted moments (S 0 and S 1 ) are determined by the ψ-subspace of simple excited states only, and do not depend on the interaction between ψ-and more complicatedψ-states and on the interactions acting inside theψ-subspace alone. This is a direct consequence of freezing the ground state.
2 Missing strength and nuclear residual interaction
Analysis of energy-weighted moments
The zero and first energy-weighted moments are conserved when going from RPA to SRPA
and
Within the fragmentation problem it was shown [7] that S 0 and S 1 are determined by the 1p-1h states only and do not depend on the interaction between the 1p-1h states and 2p-2h states or more complex states and on any interaction in the 2p-2h subspace,
and S
It is important to stress that equations (11 -14) follow from the properties of algebraic equations to be solved. So they should be valid for results of any calculation.
It is known that the interaction between the 1p-1h and 2p-2h states is responsible for the width of the giant resonance and causes some redistribution of the transition strength over the excitations energy [8, 6] . The conservation of zero and first moments has, however, a severe consequence for the problem of missing strength. We discuss it in the framework of the fragmentation problem, in which the moments S ± 0 and S ± 1 are separately conserved. As total transition strength and average excitation energy, S − 1 /S − 0 , are simultaneously conserved, we face the following situation. If an interaction between 1p-1h states and more complex states moves a large fraction of the strength of the giant resonance to higher energies, then some strength has to be shifted into the low energy region in order to keep the ratio S − 1 /S − 0 constant. As a result, the strength distribution in the giant resonance region and below it would change completely. Such an effect has been found by shell model calculations of the GT strength function [9] , where the excited state space was enlarged by including the 2p-2h configurations, the ground state was left untouched, and the described effect was exactly observed.
The authors of [10] calculated the GT strength function for 48 Ca, 90 Zr and 208 Pb in both the RPA and SRPA. The realistic two-body forces based on a Brueckner G-matrix were used as a nuclear residual interaction. According to the results of [10] , a large fraction of the total GT strength was shifted towards higher excitation energies due to the interaction of the 1p-1h states with 2p-2h ones. Simultaneously, the strength in the giant resonance region and below it was considerably reduced. The energy of the GT resonance does not decrease and in 208 Pb considerably increases. The subsequent calculations [11] show that in the 90 Zr nucleus the average energies of GT transitions and spin-dipole Y 1 σt − transitions increased by 6 MeV in the SRPA.
Now we consider equations (11) and (12) . Due to the large neutron excess in heavy nuclei the σt − strength, measured in (p, n) reactions, is much stronger than the σt 
Missing strength and properties of residual interaction
The discussion leads to the conclusion that the transfer of the GT transition strength to higher excitation energies, which is implied by the effect of missing strength, originates rather from the interaction between particle-hole configurations only than from the influence of 2p-2h and more complex configurations. Large GT matrix elements exist between single particle states with identical radial and orbital quantum numbers. The corresponding transitions have relatively low energy. Therefore, residual interaction should mix twoquasiparticle states, those quasiparticles are from the same major shell (∆N = 0) with two-quasiparticle states containing quasiparticles from different major shells (∆N ≥ 2). In others words, it follows from the very existence of the effect of missing GT strength that residual forces between nucleons must have a characteristic property: strong interaction between ∆N = 0 and ∆N ≥ 2 two-quasiparticle (or particle-hole) states exists.
An example of such a residual interaction is given by the phenomenological separable residual interaction discussed in detail in [12] ,
Here τ are isospin Pauli matrices, and
is the one-body spin-multipole operator. We have shown here the spin-multipole part of residual interaction, the expression for a multipole one can be found in [12] . The interaction with the radial form factor
(here U(r) is central part of Saxon-Woods potential) has a surface character and may mix ∆N = 0 and ∆N ≥ 2 particle-hole excitations.
The results of calculation of the GT strength function in 90 Zr together with the experimental data of [13] , where (93 ± 5)% of the sum rule value 3(N − Z) = 30 was observed, are presented in Fig. 1 . The GT strength function is shown as the running sum 1 | grows the energy of the collective state and its B(GT ) increase. For others spherical nuclei theoretical GT strength functions have been calculated and compared with the experimental ones in [14] . All examples confirm that for explanation of the effect of missing (quenching) of the GT strength the specific feature of nuclear residual interaction is required: there should be a strong mixing among the ∆N = 0 and ∆N ≥ 2 particle-hole configurations. The appearance of this specific feature of residual interaction should be checked in other charge-exchange processes related to spin-isospin transitions.
Total rates of muon capture
The spin-isospin transitions are observed in two weak interaction processes: beta-decay and muon capture. Only a small fraction of the whole GT transition strength can usually be observed in beta decay because the limited energy release and variations in the GT strength function at low excitation energy affect noticeably theoretical f t-values. This limitation is removed in the reaction of ordinary muon capture (OMC)
where states in a wide excitation energy range can be populated due to a relatively large muon mass, m µ ≈ 105 MeV. The phase space factor of partial OMC rate Λ f depends on the square of neutrino energy
where E f is the excitation energy in the nucleus B, M A and M B are the masses of initial and final nuclei, ǫ 1S is the muon binding energy in the muonic atom. For example, for 0 + → 1 + the rate of muon capture
here M p is the proton mass, and g V , g A , g M and g P are vector, axial-vector, weak-magnetic, and pseudoscalar couplings of weak nucleon current [15] . The energy released in the muon capture is comparable with muon mass; therefore, the relative error in theoretical Λ f caused by uncertainties in the theoretical strength function for the corresponding nuclear transitions is rather small
in comparison with the ones in beta-decay, and one can hope that calculation in the RPA, which reproduces well the general features of strength functions of the corresponding transitions, will give a reasonable description of the OMC rates. The total muon capture rate is calculated as the sum of the rates for all possible nuclear transitions
The total OMC rates for several even-even spherical nuclei are calculated and discussed in detail in [16] . Here we shortly present the main results. The Λ tot are displayed in Fig. 2 . The results of calculations, in which the separable residual interaction (15) with radial form factor (16) has been used, are shown by the closed circles. For comparison the OMC rates were calculated with the radial form factor of residual interaction
In Fig. 2 , the corresponding Λ tot are shown by the open circles. For GT transitions L = 0, and the residual interaction with form factor (19) reduces to simple ( σ, σ)-forces used in [17] . This interaction cannot create high-excited 1 + states and cannot reproduce the effect of missing strength, as it was shown in [17] . The experimental data extracted from [18] are pointed by the crosses and the line presents the phenomenological estimations of [19] with the parameters fitted in [18] . In the calculation the transitions from the J π = 0 + ground state to the final states with J π = 0 ± , . . . , 4 ± were taken into account. The transitions to the states with higher momenta give negligible contributions to Λ tot . Figure 2 and Table 1 show that for medium-weight nuclei (from nickel to tin) the theoretical Λ tot , calculated with both residual interactions agree with each other and reproduce correctly the experimental rates. (19) are smaller than those obtained with the radial part (16) . Figure 3 shows that the difference comes about mainly due to capture feeding the high-excited 1 ± states which are absent in calculations with f LJ (r) = r L . Table 1 shows that the excitation of high-excited states diminishes the influence of neutron excess on the muon capture. In rather heavy nuclei the muon capture rates (summed over all 0 + → 1 + nuclear transitions) in calculation with the form factor (16) are larger than the rates calculated with the form factor (19) , and even higher than the corresponding rates obtained in the model of independent quasiparticles (without any residual interaction). The fact that in heavier nuclei theoretical Λ tot 's overestimate the experimental rates was found in [20] , where the Landau-Migdal residual forces were used. Their theoretical Λ tot ( 208 Pb) = 161 × 10 5 s −1 and are well compared with the value 160 × 10 5 s −1 obtained in calculation with the residual interaction (19) .
The calculated Λ tot 's in heavy nuclei are found to be sensitive to the kind of residual interaction used. The largest discrepancy between the theory and experiment is obtained in the calculations with the residual interaction form factor (16) . This interaction forms the high-excited final states. As it was shown above, the high-excited 1 + states are responsible for the effect of missing GT strength. So the purpose of reproducing Λ tot in heavy nuclei contradicts the description of the missing GT strength.
Isovector
Unfortunately, it is impossible to extract from the experimental Λ tot the capture rate determined by the 0 + → 1 + nuclear transitions. One should look for partial muon capture in which the final state of a product nucleus is known. The experimental study of partial muon capture by sd-shell nuclei was carried out in [21] . Here we discuss the transitions observed in the reaction
The capture rates for transitions into three 1 + states with energies 1.620, 2.201 and 3.109 MeV were measured in [21] . These three states together with the 1 + states with energies 10.90, 11.45 and 12.33 MeV in 28 Si and 1 + states with energies 1.59, 2.10, and 2.94 MeV in 28 P form three isospin triplets [22] . Starting from the J π , T = 0 + , 0 ground state of 28 Si the states of isospin triplets can be populated by spin-isospin probes: the states in 28 Al -by reaction (20) . Equation (18) shows that the main part of the transitional operator is proportional to σt + . The states in 28 Si can be excited in the reaction of electron scattering (e, e ′ ); the transitional operator is proportional to (g s σ + g l l )t 0 . The corresponding experimental data are published in [23] . The states in 28 P can be observed in (p, n) reaction, in which the transition operator is proportional to σt − ; the experimental results are given in [24] . The experimental values of reduced probabilities of magnetic dipole, B(M1), and GT transitions as functions of excitation energy are presented by the closed bars in Fig. 4 . The open bars show the results of calculations within the multiparticle shell model with Wildenthal's Hamiltonian [25] . The computer code OXBASH [26] was used in calculations. The B(M1) values were obtained with free g s and g l factors, and no effective charges were used in B(GT ) calculations. In principle, one should expect introducing the effective charge because the shell model [25] works within the sd-shell space, and the previous discussion shows the importance of ∆N ≥ 2 transitions for correct description of the GT strength function, at least. In the present situation it is a difficult task to determine the effective charge because theoretical B(M1) and B(GT ) values are higher than experimental ones for many states, except the strongest transition in which the theory goes below experiment for both (p, n) and (e, e ′ ) reactions. Theoretical summed transition strengths are higher than experimental ones: B + states was suggested in [27] . The parameters of the transformation were chosen such that the theoretical strength functions of GT and M1 transitions calculated with transformed wave functions coincided in shape (within a constant factor) with the corresponding experimental functions. Due to orthogonality of transformation, theoretical summed transition strengths are conserved, and the transformation results in redistribution of B(GT )'s and B(M1)'s over excitation energy. The transformed strength functions are presented in Fig. 5 . The transformation established exact proportionality between theoretical and experimental GT strength functions and approximate proportionality for M1 strength functions. The characteristics of partial transitions to the members of isospin triplets are collected in Table 2 . Theoretical values calculated with the initial wave functions (column (a)) and with transformed wave functions (column (b)) are presented in Table 2 for comparison. The muon capture rates were calculated with free values of weak nucleon current couplings. The transformation of the wave functions of excited states improves greatly the description of muon capture rates, and for the strongest transition the theoretical rate coincides with experiment. The calculation with the transformed wave functions reproduces correctly the experimental B(M1) values. However, there is a considerable disagreement between theoretical (b) and experimental B(GT )'s. It is an unexpected result because the spin-isospin parts of the operators describing the charge-exchange reactions, magnetic scattering of electrons, and muon capture are practically the same. The discrepancy between theoretical and experimental B(GT ) values indicates that the relation between the cross sections of charge-exchange reactions and B(GT )'s may be complicated even for strong transitions.
Conclusion
The energy weighted moments of strength function of GT transition, S ± k , are calculated in the RPA, SRPA and within the fragmentation problem. Considering S − 0 and S − 1 we have shown that the effect of missing GT strength should be reproduced as the result of interaction among the particle-hole excitations, without including the 2p-2h configurations. Hence, the residual interaction in the spin-isospin channel must intensively mix the ∆N = 0 and ∆N ≥ 2 particle-hole states. The example of this interaction is presented. It is shown that the experimental strength function of σt − transition in 90 Zr can be reproduced rather well in the whole region of excitation energy.
Total muon capture rates were calculated for several nuclei using two variants of residual interaction. Theoretical total rates of muon capture by medium nuclei practically do not depend on the residual interaction used in calculation. In heavy nuclei theoretical rates are higher than experimental ones. The excess depends on the residual interaction, and the difference between theory and experiment is the largest when the residual interaction, which forms the high-excited collective states, is used in the calculation. The existence of these states is assumed by the effect of missing GT strength.
It is shown that the distributions of transition strength over the excitation energy in A = 28 nuclei extracted from weak and electromagnetic processes are in conflict with the ones obtained from charge-exchange nuclear reactions. In particular, no quenching of spin-isospin transitions is found in the rates of partial allowed muon capture 28 Si(0 + g.s )(µ, ν)
28 Al(1 + ).
